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What is relativistic hydrodynamicsreally?
 

 

CRC -  TR 

Hydrodynamics successful even in regimes where not expected to be applicable,
in particular far from local equilibrium
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Evolution of Non-Gaussian Hydrodynamic Fluctuations

Xin An

based onPRL 127, 072301 and work in progress
with G. Baüsar, M. Stephanov and H.-U. Yee

XXIXth Quark Matter, Krak«ow, Poland

Apr 5, 2022
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Non-Gaussian & non-equilibrium ßuctuations

¥ Gaussiandistribution : normality manifested by central limit theorem .
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¥ Fluctuations in general deviate from normal distribution (i.e., non-Gaussian)
and/or evolve towards equilibration (i.e.,non-equilibrium ) .
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Stochastic description

¥ Langevin equation for a set of variables! i :

" t ! i = Fi + #i , (NewtonÕs 2nd law)

!#i (x1)#j (x2)" = 2Qij $(4) (x1 # x2) , (FDT)

whereFi $ drift force ; #i $ random force (noise) ;Qij $ Onsager matrix .

¥ It su! ers from the problem ofinÞnite noise and multiplicative noise .
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regularize the inÞnite noise in stochastic samplingSingh et al., 2019

Landau et al., 1959; Kapusta et al., 2012; Young et al., 2015; Sakaidaet al., 2017; Nahrgang et al., 2018; etc. See also Posters by De and Pihan
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Deterministic description

¥ The Langevin equation is complementary toFokker-Planck equation for
probability distributionP[t; ! i ] :

" t P =

probability ßux
! "# $%

! Fi P + ( Qij P),j

&

,i
, (ItoÕs prescription)

where(. . .),i = #(. . .)/ #! i and

entropy S = log Peq

Poisson/Onsager matrix M ij = ! ij + Qij

drift force F i = M ij S,j + M ij,j

¥ Evolution equation forn-th cumulant (n-point connected function)
Gc

n " # ! 1 . . . ! n $c : see Anet al., PRL, 2021 for details

" t P =% " t Gc
n = F [{ Gc

n } ] .
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Small parameters

¥ Small parameters in, e.g., hydrodynamics :Akamatsu et al., 2017; An et al., 2019

parameter expression meaning role

! "mic / " Knudsen number controls gradient expansion

# ("mic / ")3 inverse of uncorrelated DOF controls loop expansion

 ! mic  !  b <   !   !  L
  T  "  !  > q   "  k

b
  ~  !  

L ~ k

!  ~  

! mic ~  Thydro-cell micro-scale

ßuctuation scalesystem scale

 q  -1

-1

-1

-1

mr
in
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Truncated equations

¥ E! ective power counting :

S ! ! ! 1 , M ij ! !" 2 , Gc
n ! ! n ! 1 .

G2 ~ ! 2G3 ~ ! G4 ~ ! 3c2G4 ~ !

or
o o

E

E E E E E E
e e

E
. ¥

,
, ,

,

ƒ
,

E E E E E E

o o

E E E

¥ Perturbed in small parameters , the evolution equations for cumulants can be
systematically truncated and iteratively solved (e.g., in hydrodynamics) :

#t Gc
n = F tree [{ Gc

n } ]
! "# $

O (! n ! 1 " 2 )

+ higher orders.
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Multi-point Wigner function

¥ We introduced the noveln -point Wigner function (cumulant in q-space)

W c
n (x, q1 , . . . , qn ) =

! !
n"

i =1

d3yi e
! iq i áy i

#

! (3)

$
1
n

n%

i =1

yi

&

Gc
n (x + y1 , . . . , x + yn ),

= 0+

x-space

q1x1

x2

xn

q2

qn

q-space

q1 q2 qn+

x

x1 x2+ +x = n
xn+ +

x! yn+

Otto Otto

Otto

being traditional Wigner function whenn = 2 :

W2(x, q, ! q) =

!
d3y e! iq áy G2

'
x +

y
2

, x !
y
2

(
.

¥ Evolution equation forW c
n :

! t W c
n = F [{ W c

n } ] .
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Cumulant evolution equations for di! usive charge

¥ Evolution equations forWn =2 ,3,... of di! usive charge :

! t W2(q1, q2) = !
!
" q2

1W2(q1, q2) + #q1 áq2
"

Perm . , (Hydro+ equation)

! t W3(q1, q2, q3) = !
#

1
2

" q2
1W3(q1, q2, q3) +

1
2

" !q2
1W2(! q2, q2)W2(! q3, q3)

+ #!q1 áq2W2(! q3, q3)
$

Perm .
, (non-Gaussian Hydro+)

á á áwhere" = #$ ! " di! usion coe" cient .

¥ Equilibrium solutions match thermodynamics :

W eq
2 =

1
$ ! , W eq

3 = !
$ !!

$ !3 , W c,eq
4 = !

$ !!!

$ !4 +
3$ !!2

$ !5 , á á á

¥ In critical regime (T " 1 # %# q" 1) : Hohenberg et al., 1977; Stephanov, 2009

! ! " , ! ! ! "
3
2 , # ! " " 1 , #! ! " " 1

2 , W c
n ! "

5n ! 6
2 , $t W

c
n ! q2"

5n ! 8
2 .

For conßuentized equations see Anet al., to appear; for the EFT approach, see Poster by Sogabe
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Evolution near critical point

¥ System evolution in the crossover region near CP :

critical region

CP

1st! order

crossover

evolution trajectory
T"ti#

T"t f #

$

T

¥ Fluctuations are closer to equilibrium on smaller scale (largerq) , and
retain longer memory on larger scale (smallerq) :
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mapping Ising critical region

! QCD = ! Ising (r (µ, T ), h(µ, T ))

For more realistic EoS,
see e.g., Contributions by Kapusta and Ratti



Freeze-out

¥ W c
4 (! kurtosis) in and out of equilibrium along thefreeze-out curve :

¥ Expectednon-monotonic behavior : Stephanov, 2011; STAR, 2021; Pradeepet al., 2022 (also Poster)
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Relativistic spin hydrodynamics 
with torsion and linear response 
theory for spin relaxation

MH-Huang-Kaminski-Stephanov-Yee,  JHEP 2021, 150 (2021) [arXiv:2107.14231]
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(1) Spin hydrodynamic equations in a torsionful  geometry
(2) Mode mixing between shear and spin modes 

Three main messages from our paper:

(3) Green-Kubo formula for a rotational viscosity 
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Extending hydrodynamics to include spin

MH-Huang-Kaminski-Stephanov-Yee,  JHEP 2021, 150 (2021) [arXiv:2107.14231]
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 = frequency scale
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Non-hydro regime

Spin hydro regime

Pure hydro regime

fast modes
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!

Mode mixing! 
(Level repulsion)

Relaxation rate 

Assumed scale  
separation
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